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1 Introduction
Let f(z) and g(z) be entire functions with their composition f ◦g even. What
can be said about f and g ? Also, given certain conditions on f and/or g,
can f ◦ g be even ? There are numerous examples which show that f ◦ g can
be even, while neither f nor g is even. In [3] we proved that if f and g are
polynomials with g(0) = 0 and g neither even nor odd, then f ◦ g cannot
be even. It was also shown that if f and g are polynomials, f not constant,
g(0) = 0, and f ◦ g is even, then f or g must be even. These results do not
hold for entire functions in general, or for rational functions in general.
Call an entire function g(z) right pseudo even(RPE) if there is a non-
constant entire function f(z) such that f ◦ g is even. Of course, every even
or odd entire function is RPE, but there are entire functions g which are
RPE, while g (or any derivative of g) is neither even nor odd. An example
is g(z) = sin(z) + cos(z). In Section 1 we completely characterize the RPE
polynomials p(z). Using a result from [1], p must be either even, an odd
polynomial plus a constant, or a quadratic polynomial composed with an
odd polynomial s(z)(Theorem 2). For the latter case, a simple example is
p(z) = (z2 + 2z) ◦ s(z), f(z) = cos(2pi√z + 1). Similar results are given for
when f ◦ p is odd(Theorem 3).
Call an entire function f(z) left pseudo even(LPE) if f ◦g is even for some
entire function g(z) which is not even. Every even entire function is LPE, but
there are also LPE entire functions which are not even. An example is the
polynomial f(z) = (z2+2z)2. In Section 2 we discuss the more general ques-
tion of when p ◦ g can be even, where g(z) is entire and p(z) is a polynomial.
However, we are not able to give a complete characterization of the LPE
polynomials, as we do for the RPE polynomials. We can prove(Theorem 7)
that if g is a transcendental entire function with finitely many zeroes, which
is neither even nor odd, then p ◦ g cannot be even for any non-constant poly-
nomial p. We can prove the simple result that p(z) = zn, n odd, cannot be
LPE(see Lemma 9 ). It is interesting to note, however, that it is possible
for an odd entire function to be LPE. For example, f(z) = sin
(
pi
2
z
)
is LPE
since f ◦ g is even, where g(z) = 1− sin
(
pi
2
z
)
.
In Section 3 we extend some of our results to cyclic compositions. Let N
be a prime number, and let ω be a primitive Nth root of unity. If f(z) is
analytic at 0, and f(z) = zk
∑
∞
j=0 ajz
jN , then f is called cyclic mod N . f is
1
cyclic mod 2 if and only if f is even or odd. If N ≥ 3, f is entire, and p is
a polynomial, then necessary and sufficient conditions for f ◦ p to be cyclic
mod N are more restrictive than for the even or odd case(Theorem 14).
In Section 4 we discuss even and odd compositions of rational functions,
where the results for polynomials do not extend in general. For example
there are rational functions f(z) and g(z) such that f(0) = g(0) = 0, f ◦ g
is even, but neither f nor g are even. It is indeed possible for f ◦ f to be
even when f is not even(f (0) 6= 0). We do not know if this is possible for
the cyclic case in general.
In Section 5 we discuss even compositions of polynomials in two vari-
ables. Again, the results do not extend in general. There are polynomials
P (z, w), Q(z), and R(z), P (0, 0) = 0, Q(0) = R(0) = 0, and P,Q, and
R neither even nor odd, with P (Q(z), R(z)) even. One can prove, however,
that if Q(0, 0) = 0 and P (Q(z, w)) is even, where P is a polynomial in one
variable, then P or Q must be even. Related questions along these lines
are homogeneous or symmetric compositions of polynomials in two or more
variables.
2 Entire functions Composed with a Polyno-
mial
Let f be an entire function and p a polynomial. We shall prove that if f ◦ p
is even, then either p is even, odd, or a quadratic polynomial composed with
an odd polynomial. First we need the following lemma.
Lemma 1 Suppose that g is analytic at 0, and g is neither even, nor odd
plus a constant(i.e. g′ is neither even nor odd). Then there are no constants
a and b such that g(z) = ag(−z) + b for all z.
Proof. . Write g(z) =
∑
∞
k=0 ak z
k, and let m and n be distinct positive
integers with m odd, n even, and am 6= 0 6= an. Then the expansion of
g(z)−ag(−z) about 0 contains the terms (1+a)zm and (1−a)zn, and hence
no value of a can make g(z)− ag(−z) a constant.
Theorem 2 Let p be a polynomial. Then there exists a non-constant entire
function f such that f ◦ p is even if and only if one of the following holds:
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(A) p is even.
(B) p(z) = s(z) + k, where s is odd and k is a constant.
(C) p(z) = (s(z) + d)2 + k, where s is odd and d and k are constants,
d 6= 0.
Proof. We can assume p 6= 0, which is equivalent to (A), (B), and (C)
all holding. First we prove that if f ◦ p is even, then one of (A), (B), or (C)
must hold. Assume first that neither (A) nor (B) holds, and let q(z) = p(−z).
Then
f(p(z)) = f(q(z)) ∀z (1)
By [1],
p(z) = a q(z) + b (2)
or
p(z) = r2(z) + k, q(z) = (r(z) + c)2 + k (3)
By Lemma 1, (3) must hold. Now p(−z) = r2(−z) + k = (r(z) + c)2 + k ⇒
r2(−z) = (r(z) + c)2 ⇒ r(−z) = ±(r(z) + c) ⇒ −r′(−z) = ±r′(z) ⇒ r′ is
either even or odd. If r′ is odd, then r is even, which implies that p is even.
That contradicts the assumption that (A) does not hold. Hence r′ is even ⇒
r(z) = s(z)+ d, where s is an odd polynomial. Hence p(z) = (s(z) + d)2+k,
and (C) holds. Now if (A) and (C) do not hold, the above argument shows
that p must satisfy (2). By Lemma 1, p(z) = s(z) + k, where s is odd, and
hence (B) holds. Finally, if (B) and (C) do not hold, then Lemma 1 and the
argument above show that p must be even, and hence (A) holds.
To prove sufficiency, clearly if (A) or (B) hold, then one can always find a
non-constant entire function f such that f ◦ p is even. If (C) holds, one can
choose f(z) = cos
(
2pi
d
√
z − k
)
. Then f((z + d)2 + k) = cos
(
2piz
d
)
, which
is even. Hence f((s(z) + d)2 + k) is also even.
Remark 1 (A) and (B) are equivalent to p(z)− p(0) being even or odd.
Remark 2 Theorem 2 gives a complete characterization of the RPE polyno-
mials.
An odd version of Theorem 2 also follows. The proof is similar to the
proof of Theorem 2 and we omit it.
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Theorem 3 Let p be a polynomial. Then there exists a non-constant entire
function f such that f ◦ p is odd if and only if one of the following holds:
(A) p is odd.
(B) p(z) = (s(z) + d)2 + k, where s is odd and d and k are constants,
d 6= 0.
Remark 3 If (B) of Theorem 3 holds, choose f(z) = cos
(
pi
2d
√
z − k
)
to
make f ◦ p odd.
Example 4 Let p(z) = zk + z, where k ≥ 4, k even. Then it is not hard to
show that (C) of Theorem 2(or (B) of Theorem 3) does not hold(the other
conditions are trivial). Hence there is no non-constant entire function f such
that f ◦ p is even or is odd. There is, however, a function f analytic at 0
such that f ◦ p is even(or odd). Since p has an inverse in a neighborhood of
z = 0, just let f = x2 ◦ p−1(or p−1).
3 Polynomials Composed with an Entire Func-
tion
Let p be a non-constant polynomial and f an entire function. As we show
below, p◦f can be even, even when f is neither even, nor odd plus a constant.
It would be nice to have a theorem similar to Theorems 2 and 3 which
characterize when p ◦ f is even, but we are not able to do this. One can
easily show that if p ◦ f is even, then there must be a polynomial relation
between the even and odd parts of f , but this is not sufficient. For example,
let f(z) = ez = sinh(z) + cosh(z). There is a polynomial relation between
sinh(z) and cosh(z), but no non-constant polynomial in ez can be even. We
prove a more general result than this below. However, certain polynomial
relations in the even and odd parts of f do imply that p ◦ f is even.
Theorem 5 Let f(z) = E(z) +O(z), where E is even, O is odd, and E2 +
O2 = 1 for all z. Then p ◦ f is even, where p(z) = z4 − 2z2.
Proof. . (E + O)2 − 1 = 2OE, which is odd. Hence((E +O)2 − 1)2is
even⇒ ((E +O)2 − 1)2 − 1 = (E +O)4 − 2(E +O)2 is even as well.
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Example 6 Let f(z) = cos(z)+sin(z). Then p(sin(z)+cos(z)) = −4 cos4 z+
4 cos2 z − 1.
The example above can be modified so that f(0) = 0 and p(as well as
f) is not even. Just let f(z) = cos(z) + sin(z) − 1, and let q(z) = z2 +
2z.Then q(f(z)) = 2 cos z sin z,which is odd. Hence p(f(z)) is even, where
p = q2. Note also that f is neither even, nor odd plus a constant. However,
f does have infinitely many zeros. This must be the case, as the following
theorem shows.
Theorem 7 Suppose that f is a transcendental entire function with finitely
many zeroes in the plane, and let p be a non-constant polynomial.
(A) If f is neither even nor odd, then p ◦ f
cannot be even.
(B) If f is not odd, then p ◦ f cannot be odd.
Before proving Theorem 7, we need the following theorem first stated by
Borel. The first complete proof was given by R. Nevanlinna [4].
Theorem 8 (Borel [2])Let ai(z) be an entire function of order ρ, let gi(z)
also be entire and let gj(z) − gi(z)(i 6= j) be a transcendental function or
polynomial of degree higher than ρ. Then
n∑
i=1
ai(z)e
gi(z) = a0(z)
holds only when
a0(z) = a1(z) = · · · = an(z) = 0
Proof. of Theorem 7. We prove (A), the proof of (B) following in a similar
fashion. Since f is transcendental and has finitely many zeroes, f(z) =
Q(z)eg(z), where Q is a polynomial and g is a non-constant entire function.
Write p(z) =
∑n
i=0 aiz
i, an 6= 0, n ≥ 1. Then
p(f(z)) =
n∑
i=0
ai(Q(z))
ieig(z)
5
Hence
p(f(z))− p(f(−z))
=
n∑
i=0
ai(Q(z))
ieig(z) −
n∑
i=0
ai(Q(−z))ieig(−z)
Now suppose that p ◦ f is even.
Case 1: g is even.
Then, since p ◦ f is even,
n∑
i=0
aie
ig(z)((Q(z))i −Q(−z)i) = 0
By Theorem 8 with ai(z) = ai(Q(z))
i − Q(−z)i, i ≥ 1 and a0 = 0, which
are entire functions of order 0, ai(Q(z))
i − Q(−z)i = 0 for all i. Since
an 6= 0, (Q(z))n−Q(−z)n = 0, which implies that Q is either even or odd(see
Lemma 9 below). This contradicts the fact that f is neither even nor odd.
Case 2: g(z) = h(z)+C, where h is odd and non-zero, and C is a constant.
Then, since p ◦ f is even,
n∑
i=0
aie
iC(Q(z))ieih(z) −
n∑
i=0
aie
iC(Q(−z))ie−ih(z) = 0
Again, by Theorem 8, with ai(z) = aie
iC(Q(z))i or aie
iCQ(−z)i, i ≥ 1 and
a0 = 0, aie
iC(Q(z))i = 0 for all i. Hence (Q(z))n = 0, which implies that
Q = 0, which contradicts the fact that f cannot be 0.
Case 3: g is neither even, nor odd plus a constant.
By Lemma 1, kg(z) − jg(−z) cannot be a constant for k and j positive
integers. Since p ◦ f even implies that∑n
i=0 ai(Q(z))
ieig(z) −∑ni=0 ai(Q(−z))ieig(−z) = 0,
by Theorem 8, with ai(z) = ai(Q(z))
i or aiQ(−z)i, i ≥ 1 and a0 = 0,
ai(Q(z))
i = 0 for all i. Hence (Q(z))n = 0, which implies that Q = 0, which
contradicts the fact that f cannot be 0.
Remark 4 Theorem 7 does not follow in general if f is not transcendental,
as the simple example f(z) = z − 1 and p(z) = (z + 1)2 or p(z) = (z + 1)3
shows. However, (A) does follow for polynomials with the stronger assump-
tion that f is neither even nor odd plus a constant. (B) follows for polyno-
mials if f is not odd plus a constant. This follows from [3] or from Theorem
12(B) in the next section.
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Finally we end this section by proving that if p(z) = zn and f(z) is neither
even nor odd, then p ◦ f cannot be even.
Lemma 9 Let f be an entire function, and suppose that f n(z) = (f(z))n is
even for some positive integer n. Then f must be even or odd.
Proof.(f(z))n = (f(−z))n ⇒
(
f(z)
f(−z)
)n
= 1 ⇒ f(z)
f(−z) = e
2piki
n , where
k ∈ Z+ depends on z, and f(−z) 6= 0. By continuity, f(z)
f(−z) = e
2piki
n , k
independent of z. Hence f(z) = e
2piki
n f(−z). Let f(z) = E(z) +O(z), where
E is even and O is odd. Then (1 − e2pikin )E(z) = (−1 − e2pikin )O(z). If
e
2piki
n 6= 1 or −1, then E(z) = O(z) = 0 and f = 0. If e2pikin = 1, then
O(z) = 0 and f is even. If e
2piki
n = −1( n is even), then E(z) = 0 and f is
odd.
Remark 5 Lemma 9 says that zn, n odd, cannot be LPE.
4 Cyclic Compositions
Let N be a prime number, and let ω be a primitive Nth root of unity. Let
Ck = { f analytic at 0 : f(ωz) = ωk f(z) }, k = 0, . . . , N − 1
C =
⋃N−1
k=0 Ck. We call the functions in C cyclic mod N .
f ∈ Ck ⇒ f(z) = zk
∞∑
j=0
ajz
jN
Of course, C and Ck depend on N, but we supress this in our notation. For
N = 2, C0 are the even functions andC1 are the odd functions, analytic at
0. In [3] we proved that if p and q are polynomials, q(0) = 0, q neither even
nor odd, then p ◦ q is neither even(if p not constant) nor odd. As a corollary,
if q(0) = 0 and p ◦ q is even, then p and/or q must be even.
A similar result follows for the odd case. We extend this result now to
cyclic functions.
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Proposition 10 Let p and q be polynomials with p not constant, q(0) = 0,
and q /∈ C. Then p ◦ q /∈ C.
Before proving Proposition 10 we need the following lemma.
Lemma 11 Let m,n, and r be positive integers with n ≡ 0modN, r 6≡
mmodN . Then m(n− 1) + r 6≡ 0modN .
Proof. n = kN, r = lN+ i, m = sN+j, with i 6= j. Thenm(n−1)+r =
(sN + j)(kN − 1) + lN + i ≡ (i− j)modN 6≡ 0mod p.
Proof of Proposition 10. Let m = deg q, n = deg p, and assume w.l.o.g.
that p is monic. Now write
p(z) = (z − α1) · · · (z − αn), q(z) =
m∑
k=1
ak z
k
Then
p(q(z)) = (
m∑
k=1
ak z
k − α1) · · · (
m∑
k=1
ak z
k − αn) (4)
We prove first that p ◦ q /∈ C0.
Case 1 m ≡ 0modN . Let r be the highest power of z in q, r 6≡
0modN. Then it follows easily from (4) that m(n − 1) + r is the highest
power of z in p◦q 6≡ 0modN, and the coefficient of zm(n−1)+r is n an−1m ar 6= 0.
Hence p ◦ q /∈ C0.
Case 2 m 6≡ 0modN . Suppose that p ◦ q ∈ C0. We shall derive a
contradiction. deg(pq) = mn ≡ 0modN ⇒ n ≡ 0modN. Let r be the
highest power of z in q, r 6≡ mmodN. Note that q(0) = 0 ⇒ r > 0,
and thus there is no cancellation of zr with any αj in (4). By Lemma 11,
m(n − 1) + r 6≡ 0modN . Now s > r ⇒ s ≡ mmodN. Also, by (4), any
power of z in p ◦ q larger than m(n− 1) + r has the form s1 + · · ·+ sn, each
sj > r. Now suppose that m ≡ kmodN. Then s1 + · · ·+ sn ≡
n kmodN ≡ 0modN. Hence m(n−1)+r is the largest power of z in p◦q
not congruent to 0modN. Since the coefficient of zm(n−1)+r is n an−1m ar 6= 0,
p ◦ q /∈ C0. This is a contradiction, and hence p ◦ q /∈ C0.
Now suppose that p ◦ q ∈ Cj for some j. Then pN ◦ q = (p ◦ q)N ∈ C0,
which contradicts the case just proven.
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Remark 6 Proposition 10 does not follow if q(0) 6= 0. For example, let
p(z) = (z + 1)N , q(z) = z − 1. Also, it is trivial that Proposition 10 does not
follow if N is not prime.
Remark 7 The proof of Proposition 10 shows that q(0) = 0 is only needed
for case 2, where deg(q) 6≡ 0modN.
Theorem 12 Let p and q be polynomials with p ◦ q ∈ C.
(A) Suppose q(0) = 0. Then q ∈ C or p ∈ C. Also, if p is not constant
and q /∈ C0, then p ∈ C and q ∈ C. Finally, if p ◦ q ∈ C0, then p ∈ C0 or
q ∈ C0.
(B) Suppose q(0) 6= 0. If p is not constant and q /∈ C0, then q(z) =
r(z) + q(0), p(z) = s(z − q(0)) where r ∈ C, s ∈ C.
Proof. To prove (A), if p is constant, then p ∈ C. If p is not constant and
q /∈ C, then p ◦ q /∈ C by Proposition 10. Hence q ∈ C. Now suppose that
p is not constant. We just showed that q ∈ C. Now suppose that q ∈ Cj ,
j ≥ 1 and p ◦ q ∈ Ck. Then
p(q(ωz)) = ωk p(q(z))
and
p(q(ωz)) = p(ωj q(z))
and hence p(ωj u) = ωk p(u) for any complex number u. Choose r so that
rj ≡ 1modN. Then
p(ωu) = p(ωrj u) = ωrk p(u)
which implies that p ∈ Ci, where rk ≡ imodN. Hence p ∈ C. Finally,
suppose that p ◦ q ∈ C0. Again, q ∈ C. If q /∈ C0, then q ∈ Cj , j ≥ 1. Then
p(q(ωz)) = p(q(z))
and
p(q(ωz)) = p(ωjq(z))
and hence p(ωu) = p(ωrju) = p(u), rj ≡ 1modN. Thus p ∈ C0.
To prove (B), let r(z) = q(z)− q(0). If p is not constant, then p(q(z)) =
p(r(z) + q(0)) = s(r(z)), where s(z) = p(z + q(0)) is a non-constant polyno-
mial. By (A), r ∈ C and s ∈ C since r /∈ C0. Hence q(z) = r(z) + q(0) and
p(z) = s(z − q(0)) with r ∈ C and s ∈ C.
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Remark 8 It is not true in general that if p◦ q ∈ Cj , then q ∈ Cj or p ∈ Cj .
This only holds in general for j = 0, as (A) shows. For the case N = 2,
however, it does follow that if p ◦ q is odd and q(0) = 0, then p or q must be
odd(see [3]).
Theorem 13 Let p be a polynomial with p ◦ p ∈ C.
(A) If p(0) = 0, then p ∈ C.
(B) If p ◦ p ∈ C0, then p ∈ C0.
Proof. (A) follows immediately from Theorem 12(A) with p = q. To prove
part (B), note that deg(p) ≡ 0modN. By Remark 2 following the proof of
Proposition 10(with p = q), p ∈ C0.
Remark 9 (A) does not follow in general if p(0) 6= 0. For example, for
N = 2, p(z) = −z + 1 satisfies p(p(z)) = z, which is odd, but p is neither
odd nor even.
4.1 Cyclic Compositions of Entire Functions with Poly-
nomials
For primes N > 2, we now prove a theorem on cyclic compositions of entire
functions with polynomials p(z). The possibilities for p(z) are more restric-
tive than for Theorems 2 and 3.
Theorem 14 Let p(z) be a polynomial and N ≥ 3 a prime number. Then
there exists a non-constant entire function f(z) such that f ◦ p ∈ C if and
only if p(z)− p(0) ∈ C.
Proof. ⇒) Suppose first that f ◦ p ∈ C0 for some non-constant entire
function f(z), and write p(z) =
∑n
k=0 ak z
k, an 6= 0. Let ω be a primitive
Nth root of unity, and let q(z) = p(ωz). By [1] again, either (2) or (3) must
hold. If (2) holds, then
p(ωz) = λ p(z) + β
which implies that
n∑
k=0
akω
kzk = λ
n∑
k=0
ak z
k + β
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Hence
λ = ωn and a0 = λa0 + β
which implies that β = a0 (1− ωn)(Note that if N | n, then λ = 1, β = 0,
and p ∈ C0). Also,
λ aj = ω
jaj , j ≥ 1⇒ ωn = ωj if aj 6= 0⇒ n ≡ jmodN if aj 6= 0, j ≥ 1.
That implies that p(z)− p(0) ∈ Ck for some k.
Now suppose that (3) holds. Then
p(z) = r2(z) + k, p(ωz) = (r(z) + c)2 + k
for some constants c and k. Hence
r2(ωz) = (r(z) + c)2
which implies that
r(ωz) = ±(r(z) + c)
and hence ωr′(ωz) = ±r′(z). Letting s(z) = r′(z), we have ωs(ωz) =
±s(z). If ω s(ωz) = −s(z), then −∑mk=0 bkzk = ∑mk=0 bkωk+1zk, where s(z) =∑m
k=0 bkz
k. This implies that −bj = ωj+1bj . Now ωk = −1 for some k implies
that
cos
(
2pik
N
)
+ i sin
(
2pik
N
)
= −1
⇒ 2pik
N
= pil for some integer l ⇒ cos
(
2pik
N
)
= cos(pil) = 1 since N ≥ 3
implies that l is even. Hence ωk 6= −1 for any k ⇒ bj = 0 for all j ⇒ r is
constant ⇒ p is constant ⇒ p(z)− p(0) ∈ C0.
Otherwise,
ωs(ωz) = −s(z)
implies that s(ωz) = ωN−1s(z)⇒ s ∈ CN−1 ⇒ r ∈ C0, and hence p(and p(z)−
p(0) ∈ C0 as well. If f ◦ p ∈ Ck for some k ≥ 1, then fN ◦ p ∈ C0. By the
case just proved, p(z)− p(0) ∈ Ck for some k.
(⇐ Suppose that p(z)− p(0) ∈ Ck for some k, and let p˜(z) = p(z)− p(0).
Then
p˜(ωz) = ωk p˜(z). Let f(z) = (z − p(0))N . Then f(p(ωz)) = (p˜(ωz))N =
ωkN (p˜(z))N = (p˜(z))N
= (p(z)− p(0))N = f(p(z))⇒ f ◦ p ∈ C0.
11
Corollary 15 Let g(z) be an entire function which is periodic and cyclic
modN for some prime number N ≥ 3. Then g is constant.
Proof. Suppose that g is not constant, and let L be the period of g.
Let f(z) = g(L N
√
z) and p(z) = (z + 1)N . Then f ◦ p = g(Lz) ∈ C, but
p(z)− p(0) /∈ C, which contradicts Theorem 14.
Remark 10 Much of Theorem 12 follows from Theorem 14, but the latter
theorem requires deeper results from [1] than used in the proof of Theorem
12.
5 Rational Functions
By [3, Theorem 1] (or by Theorem 12 and the remark following, if p and q
are polynomials with q(0) = 0 and p ◦ q even(or odd), then p or q must be
even(or odd). This does not hold for rational functions in general, however,
as the following example shows.
Example 16 Let f(z) = g(z) =
z
z − 1 . Then f ◦ g = z, which is odd. Also,
if f(z) =
(
z
z − 1
)2
and g(z) =
z
z − 1 , then f ◦g = z
2, which is even. In each
case, f(0) = g(0) = 0, and neither f nor g are even or odd. For the cyclic
case in general, just take f(z) =
(
z
z − 1
)p
and g(z) =
z
z − 1 .
The example above also shows that f ◦f can be odd even if f(0) = 0 and
f is not odd. However, f ◦ f cannot be even for any power series(convergent
or not) if f(0) = 0(see [5]). The following example shows that f ◦ f can be
even if f(0) 6= 0.
Example 17 Let f(z) =
z2 + z + 1
z2 − z + 1 . Then f ◦ f =
3z4 + 7z2 + 3
z4 + 5z2 + 1
, which is
even, but f is not even. Note that f and f ◦ f are both analytic at z = 0.
6 Polynomials in Several Variables
Let P (z, w), Q(z), and R(z) be polynomials with P (0, 0) = Q(0) = R(0) = 0.
If P (Q(z), R(z)) is even, must one of P, Q, or R be even ? The answer is
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no, as is seen by the simple example P (z, w) = z − w2, Q(z) = z6 + z4 +
2z3 + z2, R(z) = z2 + z. Then P (Q(z), R(z)) = z6, which is even, but none
of P,Q, or R are even. Note that the answer is still no if we replace even
throughout by even in each variable separately. We can, however, prove the
following result. We just prove the two variable case, though the extension
to any number of variables follows easily. First we need the following lemma.
Lemma 18 Suppose that P (z, w) is a polynomial such that Ra,b(z) = P (az, bz)
is even for any complex constants a and b. Then P (z, w) is even.
Proof. Suppose that P (z, w) contains a homogeneous term of odd degree
k,
∑
r+s=k cr,sz
rws. Then the coefficient of zr+s in P (az, bz) is∑
r+s=k cr,s a
rbs. Since P (az, bz) is even for any complex constants a and
b, the polynomial in a and b,
∑
r+s=k cr,s a
rbs, is identically 0. Then cr,s = 0
for all r and s such that r + s = k. This implies that P (z, w) is even.
Theorem 19 Let R(z, w) = P (Q(z, w)), where P is a polynomial in one
variable and Q is a polynomial in two variables. If Q(0, 0) = 0 and R is
even, then P or Q must be even.
Proof. Let Qa,b(z) = Q(az, bz) and Ra,b(z) = R(az, bz) = P (Qa,b(z)).
Then Qa,b(0) = 0 and Ra,b(z) is even, for any constants a and b. By [3,
Theorem 1] (or by Theorem 12 and the remark following), P or Qa,b must
be even. If P is even, we are finished. If P is not even, then Qa,b is even. By
Lemma 18, Q must be even.
Remark 11 One can also prove an odd version of Theorem 19, or more
generally a cyclic version, as we did for polynomials in one variable.
Remark 12 Other related questions for polynomials in several variables are:
(A) If R(z, w) = P (Q(z, w)) is homogeneous, Q(0, 0) = 0, prove that P
or Q must be homogeneous. This can be proved with techniques similar to
those used in this paper.
(B) If R(z, w) = P (Q(z, w)) is symmetric, must Q be symmetric ?
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7 Open Questions
(1) Let f(z) be an entire function with f ◦ f even, f not even. If f(0) 6= 0,
then f need not be even(see [3]). Must f(z) = O(z) + c, where O is odd and
c is a constant ?
(2) Let N ≥ 3 be a given prime number. Does there exist a function
f(z) /∈ C0,analytic at 0,such that f ◦f ∈ C0 ?(If such an f exists, then by [5]
f(0) 6= 0.) If yes, does there exist a rational function R(z) /∈ C0, such that
R ◦R ∈ C0 ?
(3) Discuss the questions in this paper when (f ◦ g)(z) = h(k(z)), where
h and k are entire functions. When must f or g be an entire function in k ?
(4) Give a complete characterization of the RPE and LPE entire func-
tions, and in particular the LPE polynomials.
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